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We observe that the ratio of determinants of 2d Laplacians which appear in the duahty 



\i/ . transformation relating two sigma models with abelian isometries can be represented as a 

torsion of an elliptic (DeRham) complex. As a result, this ratio can be computed exactly 
and is given by the exponential of a local functional of 2d metric and target space metric. 
In this way the well known dilaton shift under duality is reproduced. We also present the 
exact computation of the determinant which appears in the duality transformation in the 
path integral. 
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1. Introduction 

Duality transformations in two dimensional sigma models with abelian isometries have 
recently attracted much attention in connection with string theory (see e.g. [1-4] and refs. 
there) .□ As is well known [1,6,3], the duality transformation which inverts the metric in 
the direction of an isometry should also include a shift of the dilaton field (coupled to the 
curvature of the 2d metric). Let us consider a sigma model 



/ = ^ I (fz^ [{G^, + S^.)(^"' + it'''')dax^dbx^ + Ret) 



'11 



which is invariant under a global isometry 5x^ = eK^. Then K^ must be a Killing vector 
of G^u and the Lie derivatives of B^^, (and cj) ) must vanish up to a gauge transformation 
term. In general, one can choose local coordinates {x^} = {x^ = y , x^} such that G^^, 
B^i, and cp are independent of the coordinate y which is shifted by the isometry. Then 
the action (1) is at most quadratic in y{z). To obtain the dual model one replaces day 
by a "momentum" field Pa adding the constraint term ~ ye°'^{daPh — daPh)-, where y is a 
Lagrange multiplier. By formally doing the gaussian integral over pa one finds an action 
(dual action /) for {x'^} = {x^ = y , x*} which has the form (1) with 

Gil = M~ , Gii = M~ Eli , Gij = Gij — M~ (GuGij — BuBij) , 

Bu = M-^Gu , B,j = B,j - M-\BuGij - GuBij) , M = Gn ■ (2) 

The integral over pa is, however, ill-defined given that the coefficient M(x) of the p^ term 
is just a local function and not an elliptic differential operator. Therefore one cannot 
assert that the partition functions corresponding to action functionals / and / are equal. 
However one may expect that the ratio of these partition functions should be given by the 
exponential of a local functional 

A/ = -^ f (fzJ^ [coe^^ + ci^aAa^A + C2R\ ] , M = e^^ . (3) 

47r J 



For duality transformations in the non-abelian case see e.g. [5]. 



The coefficients c^ sliould depend on a particular way of defining tlie integral over pa- The 
definition suggested in [1] was based on changing the variables 

Pa^dae+ea%e , (4) 

and computing the determinant of the corresponding second order differential operator 

Q defined on the scalar fields ^^. The part of this determinant which depends on the 

conformal factor of the 2d metric Qab is determined by the Weyl anomaly and can be easily 

extracted [1,3]. As a result, one finds that C2 in (3) is equal to -1, implying that the dilaton 

should be shifted under the duality by — |log M. There remains, however, the question 

about other possible terms in the determinant of Q which are Weyl invariant but M - 

dependent. It is not clear why such terms in det Q should be local. This question was not 

resolved in [1,3] .□ We shall present the exact computation of log det Q in Appendix and 

show that it is given by a local expression (3) (with non- vanishing ci). The daXd'^X term 

coming from log det Q is cancelled by the contribution of another determinant (ignored in 

[1]) which appears in the process of duality transformation in the path integral. 

In general, one would like to fix the structure of finite local counterterms (3) in such a 

way that the original and dual sigma models remain equivalent at the quantum level. The 

necessary condition for the equivalence is that (3) should compensate for the non-trivial 

ratio of the determinants which appear as a result of integrating over y and y in the original 

and dual theories, 

^ J[dy] exp[- / d^z^Mix)dayd'^y] 



J[dy]exp[- J d'^z^M ^{x)dayd''y] 
Ignoring the zero mode factors 



(5) 



Z = [det Ao]-'/'[det Ao]'/' . (6) 

However, since each of the determinants in (6) is a complicated non-local functional of the 
function M it is not a priori clear why the logarithm of their ratio (6) should have a local 



It was noted in [3] that det Q may be exactly computable using the standard variational 
argument but a consistent derivation was not carried out. 



form. In Sec. 3 below we shall prove that (6) is, in fact, given by a local expression which 
structure in general depends on choices of the scalar products in the corresponding spaces 
of y and y. For the natural choice of scalar products we will find that 



Z^expi^fd^z^RlogM) 



(7) 



implying that the dilaton is shifted under the duality transformation [1] 



<^ = <^_llogM . (2') 

The proof will be based on the interpretation of the partition function (5), (6) as the torsion 
of the elliptic complex of exterior differentials acting on forms (the DeRham complex) in 
d = 2 in the case of non-trivial scalar products in the corresponding vector spaces. The 
result may be considered as a generalisation of the standard expression which gives the 
index of the DeRham complex in terms of the Euler number (see e.g. [7]). 

2. Basic definitions and relations 

We shall start with summarising some relevant information (following ref.[8]) about a 
special combination of determinants of elliptic operators which is known as the torsion of 
an elliptic complex. Let us consider a complex {Ei, Ti) (i = 0, 1, ..., A^ , E^i = -Eat+i = 0), 
i.e. a sequence of vector spaces Ei and linear operators Ti acting from the space Ei to the 
space Ei+i and satisfying T^+iTi = 0. Let < , >i denote a scalar product in Ei and define 
the adjoint operators T* : -Ei+i ^ Ei hj < a, Tib >i_|_i=< T*a,b >i. If the self-adjoint 
operators Ai : Ei ^ Ei 

A,=T:T, + T,.iTU (8) 

are elliptic differential operators the complex {Ei,Ti) is called an elliptic complex. The 
torsion Z{Ei^ Ti) of the elliptic complex (i?^, Ti) is given by the formulapl 

1 ^ 
logZ(i?„T,) = -5^(-l)^(z + l)logdet A, , (9) 

i=0 



Note that we have changed the notation as compared to ref. [8]: our Ti is T/v_i of [8]. 



where the regularised determinants of operators A^ are defined by means of ^-function. Z 
can be identified with the partition function of a degenerate functional (associated with 
(i?i, Ti)) with zero action [8]. 
Using that 

T,+iT, = , det A, = det {T*T,) det {T,_,T*_^) , det {T,T*) = det {T*T,) , (10) 

one can represent Z in the form 

N 

Z = l[idetT:T,)-^'^-^y'-' . (11) 

i=0 

Since T* depend on a definition of the scalar products in Ei , Z changes under a variation 
of the scalar products. If one redefines the scalar products by inserting the operators 

< , >[=< M, , >, , T*' = M-X*M,+i . (12) 

As was shown in [8], the variation of the partition function (9), (11) under the variation of 
the scalar products in Ei can be expressed in terms of the Seeley coefficients (i.e. local 
functionals appearing in the t ^ asymptotics of exp(— tAj)) and the zero modes of A^. 
If 



are the operators describing an infinitesimal change of the scalar products,a 

TV 

5 1ogZ = 5^(-l)*[^o(5A,|A,)-P(5A,|A,)] . (13) 

Here \E'o is the coefficient of t^ in the asymptotic expansion 

TV(5A,e-*^)~5^^fc((5A,|A,)t" , (14) 



A; 



The proof of this formula is based on representing the determinants in terms of proper-time 
integrals of the heat kernels and relating the variations of heat kernels corresponding to different 
operators. 



and 

P(a,|A0 = $^<5Ajf"\/i^)>, , (15) 

n 

where /^ is a basis in the kernel of Aj. 

Let us now speciahse to the case when {Ei,Ti) is the DeRham complex, i.e. when 
Ei are the spaces of i-forms on a compact riemannian space Ai^ with the metric Qab and 
Ti = di are exterior differentials. The torsion (9), (11) can be considered as the partition 
function of the quantum theory of the antisymmetric tensor of rank A^ which has zero action 
[8-11]. We are interested in the generalisation of the standard discussion to the case when 
the scalar products in Ei are non-trivial, namely contain additional scalar functions Mi{z) 

< uj,a >,= J d^'z^ M,g''^'>K..g''^^' c^a,...a.cT,,...b. • (16) 

Then according to (12), (8) 

T: = M-'d:M,+^ , (17) 

A, = M-M*M,+irf, + rf,_iM-\<_iM, . (18) 

When Mi = 1 the partition function Z (11) is known as the Ray-Singer torsion torM. of 
the manifold M.^ [S^ll] the variation of which under a change of the metric gab can be 
expressed in terms of the "anomalies" and zero modes of A^ {torM. is equal to 1 if A^ is 
even). Note that det Aj ^ det A^r-j when Mi ^ 1. 

The variation of Z (13) under a variation of Mi takes the form 

N 

5\ogZ = Y^i-iy [ / d^'z 5K 6^(^|A0 -Y,< 5Aji"\ /i"^ >. ] , (19) 

Mi = e^^^ . 

Here hN{z\^i) is the local Seeley coefficient (integrand of \l/o) of the Laplacian A^ and fl 
are the zero modes of A^ (for a discussion of the zero mode contribution see [11]). Note 



that for Mi = l 

N 



i=0 



is the index of the DeRham complex which by index theorem is equal to the Euler number 
X oi M.^ . Eq.(19) then implies that (up to the contribution of the zero modes) the power 
of the common constant scale of Mi in Z is equal to \x- If ^n (-^lA^) and /^ are known 
explicitly, eq.(19) gives a system of functional equations 

^ = r [Ai, ..., An] gab) 

OAi 

which, in principle, can be integrated to find the dependence of Z on Mi. 

3. Torsion of generalised DeRham complex in two dimensions 

The case of our interest is when the complex is defined on a two-dimensional Riemann 
space, i.e. the simplest non-trivial case of the above construction (A^ — 2), 

— > Eq — > E\ — > E2 — ^ . 

do acts from the space of scalars Eq to the space of vectors (1-forms) Ei and di acts from 
El to the space of 2-forms i?2- In two dimensions 2-forms can be identified with ("dual") 
scalars {uab = ^ab^)- The corresponding scalar products and Laplacians are given by 
(16), (18) 

<.,a>o=Jd^zV^Mo.a , < .,a >,= J d^z^g M, g^^.^a, , 

<u,a >2= f d^z^ M2 g'^^g^'^ ooac^bd , , (20) 

Ao = M^^doMido , Ai = M^^dlM2di + d^M^^dlMi , A2 = diM^^dlM2 , 
Ao = -Mo-iV"(MiVa) , A2 = -V"(Mr'VaM2) 

Alab = -M^^V'{M2{gabVc - gcbVa)) " V a{M^^V ^Mi) . (21) 

Since the determinants are invariant under A -^ S~^/S.S where 5" is an operator of multi- 
plication by a function A2 can be represented also in the equivalent form 

A2 = -M2V"(Mi-iVa) . (21') 

6 



The partition function Z in (9), (11) is given by 

Z = [det Ao]'/'[det Ai]-^[det Aa]^/^ (22) 

= [det A2]-^/^det Ai[det Aq]"^/^ 

or 

Z=[det Ao]-^/2[det^2]i/2 _ (23) 

Comparing (22), (23) with (5), (6) we conclude that Z in (23) gives the well-defined expres- 
sion for the ratio of the partition functions of the two dual scalar theories in the general 
case of arbitrary functions in the scalar products (M = Mi). Our aim will be to compute 
Z explicitly as a functional of Mi{z) and Qab using the variational relation (19). Let us 
first ignore the contribution of the zero modes. Then (19) takes the form 

5logZ= f dh[5Xob2{z\Ao)-5Xib2{z\Ai)+5X2b2{z\A2)] . (24) 

The variation of Z under the Weyl rescaling of the metric dgab = '^^Pdab can be represented 
as a particular case of (24) with 6\o = dp , dXi = , 6X2 = — 5p, i.e. 

5logZ= f d^z5p[b2iz\Ao)-b2{z\A2)] . (25) 

This expression, being the difference of the conformal anomalies of the scalar theory and 
its dual, is also an obvious consequence of (23). 

We shall use the following standard result for the Seeley coefficients of the Laplace- 
type operators (21) in two dimensions [12]. Consider the elliptic differential operator 

A = -Ig''''dadt-2A''da + Y , (26) 

where a, 6 = 1, 2, g"'^{z) is positive definite, / is n x n identity matrix and A" and Y are 
n X n matrix valued functions in R^. Then 

b2{z\A) = ^^Tri]:RI-VaA'^-gatA'^A'-Y) , (27) 



where Qab is the inverse of g°'^, R is the curvature of Qab and Va^" = -^da{y/gA°'). The 
operator (26) can be represented also as 



A^-g'^'DaDt+X , (28) 

where the covariant derivative Da contains both the Christoffel and A^, connection terms. 
The equivalent form of (27) iM 

b2{z\A) = j;^^Tri^IR-X) . (29) 

The operators Aq and A2 in (21) can be represented in the form (26) (with the metric 
rescaled by Mi/Mq and M2/M1). Applying (27) and returning back to the original metric 
in (21) we find 

b2{z\Ao) = ^^[lR+lv\Xi-Xo)-V^Xi-daXid''Xi] , M, = e^^' , (30) 
47r D o 

b2iz\A2) = -^v^ []:R + Jv2(A2 - Ai) + V^Ai - a.Ai^'^Ai] . (31) 

47r 6 o 

Substituting (30), (31) into (25) and integrating the resulting equation we find the depen- 
dence of Z on the metric Qab^ 

log Z = i- /" dh,/^ [RXi + ^RiXo + X2- 2Ai)] + 0(Ao, Ai, A2) . (32) 

For the case of equal Mi (A^ = A) this expression was found in [3]. To determine the 
Ai-dependent terms in (32) we need to integrate eq.(24). Since for general Mi the vector 
operator Ai in (21) is not of the type (26) we shall do this in two steps. First, we substitute 
(30) and (31) into (24) and integrate over Aq and A2. Taking into account (32) we get 

log Z = -3- / dh^ [ RXi + ]:R{Xo + X2 - 2Ai) 
4n J D 



Note that 62 is invariant under the similarity transformation A —>■ S^^AS, where S is the 
operator of multiplication by function. 

We consider the case of the spherical topology so the dependence on the metric is determined 
by the dependence on its conformal factor. 



+^(Ao - A2)V2(2Ai - Ao - A2) - (Ao - A2)V2Ai - (Aq + A2)a„Aia"Ai)] + 0(Ai) . (33) 

To determine the terms which depend only on A 1 we consider the special case when all A^ 
are equal to A. Then Ai in (21) takes the form 

= -gabV''+Rab-'igahd'\V,-2VaVh\ ■ (34) 

Now (26)-(29) can be applied and one finds 

h2{z\Ai)\x,=x = ^^{\R-R-2da\d-\) . (35) 

47r 6 

Substituting (30), (31) and (35) into (24) and assuming 5\i — dX we get 

log Z\x^=x = j- J dh^ RX . (36) 

The origin of the "anomalous" term (36) can be attributed to the presence of the Rab 
term in the vector operator (34) (which gives the —R contribution to (35)). Comparing 
(33) to (36) we determine that the 0(Ai) term in (33) must be 2Ai9aAi9"Ai, i.e the final 
expression for Z (up to zero mode factors) is 

logZ=^f (fz^ [ RXi + ^R{Xo + A2 - 2Ai) 

+ J(Ao - A2)V2(2Ai - Ao - A2) - (Ao - A2)V2Ai - (Ao + A2 - 2Ai)c>aAic>"Ai)] . (37) 
6 

It is easy to check that the derivative of (37) with respect to Ai is equal to (35) for A^ — X. 

Note that in agreement with the index theorem the common constant scale of Mi appears 

in log Z with the coefficient equal to one half of the Euler number. 

Let us now include the contribution of the zero modes. We shall assume that Ai does 

not have zero modes. The normalised zero modes of Ao and A2 are 



fo = {ld'z^Mo)-'/' , h = M^\j Sz^M-^)-^'^ 



(38) 



Including the corresponding zero mode terms (see (19)) into (24) and integrating over Aq 
and A2 we get the foUowing additional terms in Z (23) 

(log Z),,^, = -^log {j (fz^ Mo) + ilog {j (fz^ M2-I) . (39) 

As a result, we can represent (23) in the form 

Z = Z' {jd^Zy^Mor'/^iJd'z^M^')^/' , (40) 

where Z' is the local expression given by (37). 

The case of equal functions Mj is the one which is relevant for the duality transfor- 
mation problem discussed at the beginning of the paper. In fact, given the sigma model 
(1) it is natural to define the scalar product in the tangent space at x^ as 

<5x,5x >= j (fz^G^,^{x)5x^5x"' = I (fz^M{x)5y5y' + ... . (41) 

The scalar product corresponding to the dual sigma model (2) is then 

<Sx,Sx >= f d'^z^G^^{x)Sx^Sx"' = f d^z^M-\x)SySy' + ... . (42) 

The scalar product on scalars 6y is thus determined by the function Mq = M. As it is clear 
from the structure of the quadratic functionals (actions) in (5), to be able to identify M 
with the scalar product function in the space of vectors we need to rescale y by a factor of 
M, i.e. we should identify M~^y with the 2-forms which appeared in the above discussion 
(so that y = const corresponds to the zero mode, etc). Then the scalar product on the 
2-forms is also defined by M ( i.e. all Mj are equal to M) and the operators A and D in 
(6) are equivalent to Aq and A2. For Mj = M eq.(40) takes the form (see (36)) 

= exp{^ J d^z^R log M){Jd^z^M-'y /^[detA2]-'/^ . (43) 

Note that if M = const it drops out from (43) (we have assumed that the 2-space has the 
topology of a sphere). As a result, we have proved that up to the ratio of the zero mode 

factors 

Jdy{Jd'z^M)y^ ^^^^ 



j dy{j d^z^M-^y/^ 
(5) is indeed given by the local expression (7). 



10 



4. Concluding remarks 

In conclusion, let us make several comments. 

Eqs.(5),(7),(43) have a straightforward generalisation to the case when the sigma 
model (1) has a number of commuting isometries, i.e. when y and y have an additional 
index s. Then Gst = Mgt is a matrix depending on the rest of the fields x*(z) and M in 
(7), (43) should be replaced by det M. 

The relation (43) proved above may be useful in trying to clarify the issue of modifi- 
cation of the leading order duality transformations (2), (2') by higher loop effects [3]. 

Equations (33) and (43) may be of interest also from a mathematical point of view 
giving the explicit dependence of the torsion of the N = 2 DeRham complex on the scalar 
products and providing the "M ^ const" generalisation of the corresponding index theo- 
rem. It may be of interest to study higher dimensional analogs of (33), (43) (in particular, 
in connection with possible higher dimensional analogs of sigma model duality) . 

The torsion (22), (23) can be interpreted as the partition function of the theory of 
rank 2 antisymmetric tensor in two dimensions [8,11] (i.e. of a 'topological' theory with 
zero action). What we have found is that if non-constant functions are included in the 
definition of the scalar products the resulting "effective action" (36), (37) is a local action 
of 2d gravity coupled to scalar (s). Thus the 2d scalar — tensor gravity appears as an 
'induced' theory. 

The methods of [8] and of the present paper may find applications in other contexts 
(e.g. in gauged WZW theory) where a careful account of the dependence on the definition of 
the scalar products is important. The resulting ambiguity in a choice of local counterterms 
should be fixed by additional conditions depending on particular theory. 



We are grateful to the Aspen Center for Physics for the hospitality while part of this 
work was done. A.S. was partially supported by NSF grant No. DMS-9201366. A.T. 
would like to acknowledge Trinity College, Cambridge and SERC for support. 
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Appendix . Integration over "non-dynamical" vector field and determinant of 
operator Q 

1. Let us consider the following integral over the 2d vector field Pa 

Zi = J[dpa]exp[-^ J £z^ Mi{z)g''''PaPb] , (A.l) 

where Mi is a given function. We are assuming that the measure (scalar product) for pa 
is trivial (if Mi is present also in the scalar product it is natural to set Zi = 1). This 
integral is not well defined. Using different definitions (regularisations) of (A.l) one will get 
expressions which will differ by local (finite) counterterms. A choice of particular definition 
is dictated by some additional conditions which the total theory (where (A.l) appears at 
some intermediate step) should satisfy. 

Given that Ai = d^di + dodg = (— (/abV^ + Rab) is a Laplace operator on vectors one 
may define (A.l), for example, as (cf (34),(35)) 

Zi=exp[-^Tr(logMie-^'^0] 



exp[-^ J d^z^ log Mi{-^+^R-R)] . (A2) 



It is more natural, however, to use the following general idea: if M is a "bad" operator 
one can define its determinant by introducing an auxiliary operator P such that P*MP 
and P*P are "good" operators and setting 

, _ detP*MP ,, , 

det M = — — -— . M.3 

det P*P ^ ' 

The result will, in general, depend on a choice of P. However the dependence of P can be 
calculated; see [8]. Changing the variables from pa to a pair of scalar fields ^"^ 

Pa = dae+e^dbe^PanC , (A4) 

one can represent (A.l) as 

Zi= J Zq , Zq = [det g]-i/2 , J = [Zq{Mi = l)]-i , (A.5) 

12 



where J is the Jacobian of the transformation and Q is the foUowing Laplacian defined on 
a pair of scalars 

Q = P^P , pt = Mq^P*Mi , (A.6) 

= e2(Ai-A„)[ _5^^v2 - 2(5,^(7"' + en^e"')aaAiC>, ] , (A.7) 



M, = e 



2Xi 



Here 



P*-V = (-V>a , -e'^'VaPb) , {A.i 



and we have assumed that the scalar product in the space of ^"^ is defined with an extra 
function Mq{z) (cf.(20)). 

Since Q is a, 2d scalar operator the dependence of Zq on the conformal factor p of the 
2-metric is determined by the (Weyl) anomaly. In view of the "product" structure of Q the 
same is effectively true also for the dependence on Mq and Mi. Computing the variations 
of det Q with respect to Mi and p we get (cf.(24),(25)) 

6 log Zq= f <fz [ {6p + SXo)b2{z\Q) - SXib2{z\Q) ] . (A.9) 

Here the operator Q = PP' or, equivalently, 

Q = MiPM^^P* , (A.IO) 

is a Laplacian acting on vectors, 

Qab = -MiWM^\gabVc - 9cbVa) " MiVaM^^Vb 

= e2(^i-^")[ -g^,V^ + R,, + 2{gabg'"' + eabe''')dAoVd ] • (A.ll) 

13 



Note that det Q = det Q and that the structure of the operator Q is different from the 
structure of Ai in (21). The Seeley coefficients b2{z\Q) and b2{z\Q) are found using 
(26), (27) (cf.(30),(31),(34)) 

b2{z\Q) = ^^[^R+ ^V2(Ai - Ao) - 2V'Xi ] , (A12) 

b2iz\Q) = -^V9 [Ir-R+ ^V2(Ai - Ao) + 2V2Ao ] . (A.13) 

4:71 6 3 

Integrating (A. 9) we get (cf.(37)) 

log Zq(Ao,Ai) = ^ j (fz^ [ -^RV-^R + RXi 

-^RiXi - Ao) - ^(Ao - Ai)V2(Ao - Ai) - 2AoV2Ai ] , (A.U) 

log Zi = log Zq(Ao, Ai) - log Zq(Ao, 0) 

= ^[d^z^[RXi-^RXi + ^XiV\2Xo-Xi)-2XoV^Xi] . (A15) 

In the special case when Mq = Mi = M (i.e. Aq = Ai = A) which is relevant for the 
discussion of the duality transformation in the path integral one has 

Qn^ = -Sn^'^'' - 2{Snm9''' + enme'''')daXdb , (^16) 

Qab = -9abV^ + Rah + 2{gabg"' + ^abe'"')d,XV d , (A.17) 

log Zq\x^=x =^jd''zy^[-^RV-^R + RX + 2daXd''X] . (A18) 

It is possible to check the presence of the daXd"'X term in log Zq by an explicit perturbative 
calculation. Changing the variables from ^"^ in (A. 4) to 

for which the scalar product will be A-independent one can represent Zq as a path integral 
with the following action (cf.(A.16)) 

^=IJ ^'-^v^ [d'^u^daUr, + 2enme''''dbXu^dau'^ + (V'A + daXd''X)u^u^] , 

14 



or 



1=1 I d^z^ {D'^u^Dur, - Fu^u^) 



Computing the O(A^) term in the effective action on a fiat background using dimensional 
reguIarisationQ one finds the finite Schwinger-type term 

log Zq = ^ I dh[-TT (A^)' + ...] 

{A^ is the transverse part of Aa). This result is in agreement with (A. 18). 

2. The operator equivalent to Q with Mq = Mi = M was considered in [1,3] and the 
presence of the term g^ J d?Zy/g R log M in the logarithm of its determinant was estab- 
lished by computing the conformal anomaly. We have found that the complete expression 
for log det Q (A. 18) contains also the additional M-dependent term 

^ [d^z^dalogMd'^logM . (A19) 

87r J 

By formally doing the duality transformation in the path integral one could expect [1,3] 
that the ratio (5), (6) should be equal to Zi (A.l) or to Zq. Comparing (37), (43) with 
(A. 14), (A. 15), (A. 18) we conclude that in fact this cannot be true since the term (A. 19) 
in (A. 18) cannot be present in the logarithm of (5) (the latter must change sign under 
M ^ M-^). 

This apparent contradiction is resolved by discovering that the actual relation between 
the torsion (5), (23) and Zq contains also a contribution of another determinant of second 



It is easy to check that UV and IR divergences cancel separately so that one may set the 
massless tadpole equal to zero and use the standard integrals 

d'^ppaPb 1 2. , . J J f d'^p 1 

- [q dab - dqaqbjJ , J = ,^ .^ n, ^ = —n 7^ + ••• ; 



(27r)V(p-9)^ ^{d-iy^ ^^' ' J (27r)V(p-g)^ 7r((i - 2) 

as well as t°''^tad = ^d- 
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order elliptic operator. To derive the exact form of this relation let us repeat the standard 
steps corresponding to the duality transformation at the path integral leveLQ Let us start 
with the following path integral 

Z= f[dpa][dy]exp{~fd^z^ [ ^M{z)g^'paPb + ie'^'padbV]) ■ (A20) 

Integrating over pa we get the path integral of the dual theory Z ~ [det Aq]"^/^ (cf.(5),(6)). 
If one integrates first over y one obtains the 5-function implying that p"" = day, i.e. the 
path integral becomes that of the original theory, i.e. Z ~ [det Aq]"^'^. There is, however, 
an additional determinant which appears from the 5-function. To give a precise sense to 
the above relations let us first change the variables as in (A. 4) 

Pa^day + e^'dby , (A21) 

j[dy][dy][dy]exp{-jd^z^ [ ^M{z){day + e^'dtyf + id'^yday ]) . (A22) 



Z = J 



Here J is the Jacobian corresponding to (A. 21) (see (A. 5)). In the context of the sigma 
model duality transformation we should assume that the scalar products in the spaces 
of y and y are defined with the function Mq = M while the scalar product in the space 
of y contains M~^ (cf.(41),(42)). Integrating first over y and y and then over y we get 
(cf.(A.5))l 

Z= J [det g]-i/2 [det Ao]-^/2 . (A.23) 

Integrating first over y we get the 5- function factor which can be represented as 6{y) 
multiplied by 

Zh = j[dy][dy]exp{-i J d^z^ d'^yday ) = [det H]-^/^ . {A.24) 



It should be noted that the discussion which follows is based on operations with ill-defined 
integrals and thus is not rigorous. 

To compute the integral over y and y one is to make a (non-local) shift of the fields which 
can be determined from the corresponding shift of pa in (A. 20). 

16 



Then 

2= J [det H\-^l'^ [det Ao]"'/^ • (A.25) 

Comparing (A. 23) with (A. 25) we find that the foUowing relation must be true 

det Q = det if det Aq [det Aq]"^ , (A.26) 



I.e. 



Z=^ . (A27) 

Z and Zq defined in (6), (23) and (A. 5) (with Mi = M) were aheady computed in (36) 
and (A. 18). According to (A. 27) 

log ZH = ^f (fz^ [ -^RV-^R + 2daXd''X ] . (A.28) 

3. It may be useful to give another (equivalent) definition of Q which makes the 
analogy with the discussion in Sects. 2, 3 more transparent. Given the DeRham elliptic 
complex {Ei, Ti)^i = 0, 1, 2 one can define the operator 

P:Eo®E2^Ei , P(c^o, ^^2) = Tqc^q + T*uJ2 , 
which maps a scalar and a 2-form into a vector. Then 

P^ : El ^ Eo (B E2 , P^ivi = {T*ui, T^u^) , 

Ptp ■.Eo®E2^E^®E2 , P'^Piooo. 002) = {T*ToUJo, TiT^c^s) , 

ppt = Ai = ToTq* + Ti*Ti . 

Since TiTq = 0, T^T^ = the operator ptp is diagonal in Eq © E2 and det ptp = 
det PP' = det Ai. One can obtain a new non-diagonal elliptic second order operator on 
Eq © E2 by introducing a "twist" in the definition of P, 

P(c^o, UJ2) = Toivo + AiT*A2iV2 , (A.29) 
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where Ai are self-adjoint operators in Ei (e.g. multiplication by a function). In this case 

Q = p'fp , Qiujo, UJ2) = {T^TouJo + T*AiT*A2UJ2, A2TiAIT* A2UJ2 + AsTUiTqc^o) • 

(A.30) 
Using the relation (17) between Ti and the exterior differentials 

To = do , Ti=di , T*=M^UlM^ , T*=M^^dlM2 , 

and comparing (A. 4), (A. 7) with (A. 29), (A. 30) we conclude that they are equivalent if 

Ai = Ml , A2 = M-^ , Mo = M2 , 

and if uq is identified with ^^ and the 2-form u;2 ^ with the scalar ^^. Explicitly, 

n=f Mo^d*oMido M-^dlM^dl \ 

^ \MQ^diMido M^^diMidl) ' ^ ' 

and 

Q = MiPP^M-^ = MidlM-^di + MidoM-^d*Q . (A.32) 

Eq.(A.32) is equivalent to (A. 11). 
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